We develop a general framework of evaluating slow-light performance using Stimulated Brillouin Scattering (SBS) in optical waveguides via the overlap integral between optical and elastic eigen-modes. We show that spatial symmetry of the optical force dictates the selection rules of the excitable elastic modes. By applying this method to a rectangular silicon waveguide, we demonstrate the spatial distributions of optical force and elastic eigen-modes jointly determine the magnitude and scaling of SBS gain coefficient in both forward and backward SBS processes. We further apply this method to inter-modal SBS process, and demonstrate that the coupling between distinct optical modes is necessary to excite elastic modes with all possible symmetries.
INTRODUCTION
Stimulated Brillouin Scattering (SBS) is a third order nonlinear process in which two optical modes are coupled through an elastic mode 1, 2 . In a waveguide system, the interference of pump and Stokes waves generates a time-varying optical force at the beat frequency. The optical force, while at resonance with an elastic mode at the phase-matching wavevector, excites the mechanical vibration of the waveguide, which can in turn scatter light between the pump and Stokes waves. Since its discovery, SBS has been extensively studied with a variety of applications in efficient phonon generation [3, 4 , optical frequency conversion [5] [6] [7] , slow light [8] [9] [10] [11] , and signal processing techniques 12, 13 .
The optical force that mediates SBS includes electrostriction force and radiation pressure 14, 15 . Electrostriction is an intrinsic material nonlinearity, which arises from the tendency of materials to become compressed in the region of high optical intensity. In previous studies, electrostriction is treated as a bulk nonlinearity with only electrostriction body force taken into account 1, 2 . We find that the discontinuities of optical intensities and photoelastic constants can generate electrostriction pressure on material boundaries. Radiation pressure is another boundary nonlinearity, which arises from the interaction of light with the material boundaries with discontinuous dielectric constant 16, 17 . For nanoscale structures, radiation pressure is radically enhanced, enabling a variety of optomechanics applications [18] [19] [20] [21] [22] [23] . Within nanoscale waveguides, the distributions of electrostriction force and radiation pressure are quite different. The interplay between these two effects creates new degree of freedoms of tailoring SBS process.
In translationally invariant waveguides, SBS can be categorized into forward SBS (FSBS) and backward SBS (BSBS).
In FSBS, the pump and Stokes waves propagate in the same direction, generating translationally invariant optical forces, which excite standing elastic modes 6 . In BSBS, the pump and Stokes waves propagate in the counter directions, generating translationally varying optical forces, which excite traveling elastic modes. SBS can also occur between distinct optical modes [24] [25] [26] [27] [28] . Intermode SBS has been used in optical signal isolation and Brillouin cooling of mechanical devices.
The strength of SBS nonlinearity is characterized by the SBS gain. There have been many theoretical studies on calculating SBS gain through some forms of overlap integral between optical and elastic eigen-modes 1, 2, 6, 24, [27] [28] [29] [30] [31] . These treatments, while accurate for microscale waveguides, suffer from two drawbacks for nanoscale waveguides. First, most previous treatments are based on nonlinear polarization current. The calculated SBS gain only captures electrostriction body forces, but doesn't account for boundary nonlinearities such as electrostriction pressure and radiation pressure. This issue becomes significant for nanoscale waveguides where the boundary effect is radically enhanced. Second, some previous studies assume the optical mode is linearly polarized, while some studies describe the elastic modes by the density modulation rather than the displacement vector. For nanoscale waveguides, the vector nature of optical and elastic modes have to be fully evaluated.
In this article, we propose a general method of calculating SBS gains via the overlap integral between optical and elastic eigen-modes. Within this formalism, all kinds of optical forces are taken into account, with bulk and boundary nonlinearities formulated as bulk and boundary integrals over the waveguide cross-section. In addition, both the optical and elastic modes are treated as vector fields, allowing for the most general forms of dielectric and elastic tensors. Armed with this formalism, we study the SBS process of a silicon rectangular waveguide. We will show that all the optical forces in FSBS are transverse, and the constructive combination of electrostriction force and radiation pressure can generate large FSBS gain for certain elastic modes. In contrast, the optical force in BSBS is largely longitudinal, and the maximal BSBS gain among all the elastic modes approaches the conventional BSBS gain. We further apply this formalism to intermode SBS. By coupling optical modes with distinct symmetries, optical forces with all possible symmetries can be generated, and the elastic modes with the same symmetry can be excited. Finally, we study the FSBS process when the silicon waveguide is put on top of a silica substrate. Both the frequency response calculation and leaky eigen-mode analysis reveal that the coupling to the radiative modes of the substrate significantly introduces a large radiative loss which significantly reduces the SBS gain of the structure.
CALCULATING THE SBS GAIN VIA OVERLAP INTEGRAL
To start with, we develop a general framework of calculating the SBS gain. Consider a translationally invariant waveguide in x direction. In a typical SBS process, the pump wave E p e i(kpx−ωpt) and the Stokes wave E s e i(ksx−ωst) generate optical forces at the phase-matching wavevector q = k p −k s and the beat frequency Ω = ω p − ω s . This optical force can excite mechanical vibrations which enables the parametric conversion between pump and Stokes waves. This process can be describe by the following relation 1 :
Here, P p and P s are the guided power of the pump and Stokes waves, and g is the SBS gain. Through particle flux conservation, SBS gain is given by the following formula 15 :
where f is the optical force generated by pump and Stokes waves, and u is the elastic response of the waveguide induced by f. The overlap integral is defined over the waveguide cross-section. The optical power of a waveguide is given by = 〈 , 〉/2, where v g is the optical group velocity.
Under normalization conditions 〈 , 〉 = 1 and 〈 , 〉 = 1, we have
To further simply (3), we have to consider the equation governing the elastic response ue −iΩt under external forces fe −iΩt . When elastic loss are ignored, we have 32 :
where ρ is the mass density, and c ijkl is the elastic tensor. c ijkl has two important properties. First, it is symmetric about the first two and last two indies: c ijkl = c jikl , c ijlk = c ijkl . Second, the interchange of the first two indies and the last two does not affect the value of c ijkl : c klij = c ijkl 32 . Without f, the equation above is the elastic eigen-equation. Using the symmetry properties of c ijkl , we can show that the operator in the eigen-equation is Hermitian, and the eigen-mode u m e −iΩm satisfies orthonormal condition:
When f is present, we can decompose u into the set of eigen-modes u = P m b m u m . Using the orthonormal condition, we have:
Now we add elastic loss to this system. The commonly encountered elastic loss mechanism is air damping, thermoelastic dissipation, and clamping losses 33 . The first order effect of loss can be captured by changing Ω m to Ω m − iΓ m /2. Assuming quality factor Q m = Ω m /Γ m is well above 1, we have,
Inserting (7) into (3), we can see that the total SBS gain is the sum of SBS gains of individual elastic modes.
The SBS gain of a single elastic mode has a Lorentian shape and a peak value:
where we have used the fact that Ω ≪ , and ω p ≈ ω s = ω.
(9) provides a general method to calculate the SBS gain of a waveguide with arbitrary cross section. Specifically, we can use finite element method to solve for the pump and Stokes optical modes at a given ω and the elastic modes at the phase-matching wavevector q = k p −k s . The SBS of each elastic mode can be calculated by taking the overlap integral between optical forces and elastic displacement. Here, body forces are integrated over the waveguide cross-section, while pressures are integrated over the waveguide edge. In addition, (9) shows that the SBS gain is determined by the frequency ratio, the elastic loss factor, the optical group velocities, and the overlap integral between optical forces and elastic eigen-modes. Moreover, (9) provides a way to separate the effects of various optical forces. Specifically, the overlap integral is the sum of all optical forces:
The amplitudes and relative phases of individual overlap integrals determine the separated contributions and interference effects of various optical forces.
A key step of applying (9) is to calculate optical forces from pump and Stokes waves. Throughout the study, we consider electrostriction force and radiation pressure. Electrostriction forces are derived from electrostriction tensor. The instantaneous electrostriction tensor is given by:
where n is the refractive index, and p ijkl is the photoelastic tensor
34
. In a waveguide system, the total electric field is given by (E p e i(kpx−ωpt) + E s e i(ksx−ωst) )/2 + c.c. Inserting this expression to (11) , and filtering out the components with
frequency Ω, we get the time-harmonic electrostriction tensor σijei(qx−Ωt):
For simplicity, we assume that the crystal structure of the waveguide material is symmetric about x = 0, y = 0, and z = 0. Therefore, p ijkl is zero if it contains odd number of a certain component. In compact notation, (12) can be written as:
= − * * * * + * * + * * + *
Electrostriction force is given by the divergence of electrostriction tensor. In a system consisting of homogeneous materials, electrostriction forces can exist inside each material (electrostriction body force) and on the interfaces (electrostriction pressure have opposite effects. So it is the difference rather than the sum between side and top radiation pressures that determines the overlap integral. This is why the radiation pressure FSBS gain of E2 decays faster.
Backward SBS
In BSBS, E p = E, E s = E * , and q = 2k. (13) can be simplified to:
All components of σ ij are nonzero, generating electrostriction force with both longitudinal and transverse components. We pick an operating point at ω = 0.203(2πc/a), k = 0.75(π/a) with a = 315nm, and compute the force distribution ( Figure 3(a) ). Electrostriction body force has large longitudinal component over the waveguide cross-section, which mainly comes from the −iqσ xx term in f x
ES
. The hybrid nature of optical forces combined with the fact that all elastic modes are hybrid at nonzero q indicates that all elastic modes have nonzero gains. We compute the corresponding BSBS gains using a quality factor Q = 1000 for all the elastic modes (Figure 3 respectively.
Next, we vary a from 250nm to 2.5µm and compute the corresponding BSBS gains for E1 and the conventional BSBS gain G 0 (Figure 2(c) ). The electrostriction BSBS gain of E1 decays very fast. In contrast, G 0 scales as 1/a 2 as indicated by (21) . This difference comes from the fact that the conventional BSBS corresponds to the longitudinal plane wave, but E1 quickly deviates from longitudinal plane wave as the dimensionless q increases. There are two ways to recover the conventional BSBS gain from (9) . First, we consider the constrained longitudinal modes ( P-modes ) in Figure 1(b) . P1 is just the longitudinal plane wave. The computed electrostriction BSBS for P1 converges to G 0 as a increases ( Figure  3(c) ). Second, the dispersion curve of P1 pass through different E-modes as the dimensionless q increases. The E-modes at the intersection points with P1 become P1-like with large longitudinal movement over the waveguide cross-section. These modes should have a large electrostriction BSBS gain close to that of P1. Therefore, we compute the electrostriction BSBS gain for E1 through E500 for different a (Figure 3(c) ). The maximal gain among all the modes converges to G 0 as expected.
SILICON RECTANGULAR WAVEGUIDE: INTERMODE COUPLING
In this section, we apply our formalism to intermode coupling of the same silicon rectangular waveguide. For intramode coupling, the optical force is always symmetric about y = 0 and z = 0 , exciting elastic modes with the same parities (Emodes). For intermode coupling, however, optical forces with all possible symmetries can be generated, and elastic modes with all possible symmetries can be excited. For instance, we consider the coupling between E y11 (pump) and E z11 ( Stokes ). The operating point is ω = 0.203(2πc/a), k p = 0.750(π/a), k s = 0.665(π/a), and q = 0.085(π/a) with a = 315nm. Because E y11 and E z11 have the opposite symmetries about both y = 0 and z = 0 , the induced optical force is antisymmetric about both planes (Figure 4(a) ). Both electrostriction body force and radiation pressure try to pull the waveguide in one diagonal and push the waveguide in the other diagonal. Electrostriction pressure has the opposite effect, but is much weaker than the radiation pressure.
Under such optical force, elastic modes which are odd about both y = 0 and z = 0 (O-modes) can be excited. We calculated the SBS gains of O1 through O5 using a quality factor Q = 1000 for all the modes (Figure 4(b) ). O1 represents rotation about x axis. So the overlap integral is proportional to the torque. The y component and z component of the optical forces generate torques with opposite signs, which reduce the overlap integral. It is the small elastic frequency (Ω = 0.024(2πV L /a)) that generates a significant SBS gain. O2 represents a breathing motion along the diagonal, which coincides with the optical force distribution quite well. The constructive combination between electrostriction force and radiation pressure results in total gain of 1.54×10 4 m -1 W -1 . O3 only have small gains since it is dominantly longitudinal while the optical forces are dominantly transverse. The SBS gains of O4, O5 and higher order modes are close to zero because the overlap integrals are largely canceled out by the complicated modal profiles.
SUBSTRATE EFFECT
In the discussion above, the silicon waveguide is suspended in air, which provides tight optical guidance and nearly perfect elastic guidance because of the huge elastic impedance mismatch between silicon and air. When the waveguide is put on top of a substrate with smaller refractive index, the optical guidance is still good, but the elastic guidance needs to be carefully examined. For BSBS, q = 2k is not zero. If the phonon travels faster in the substrate than the waveguide, traveling elastic mode that is localized around the waveguide can be formed, enabling the on-chip realization of BSBS process 7] . For FSBS, q is close to zero, and elastic modes travel transversely. No matter whether phonon travels faster or slower in the substrate, the transverse vibration of the waveguide will always excite the radiative modes of the substrate. Therefore, the elastic modes in the waveguide become leaky modes. The quality factor of these modes can be written as
, where Q abs corresponds to the dissipative losses, and Q rad corresponds to leakage into the substrate. Because of the large contact area and strong coupling between the waveguide and substrate, Q rad can be quite small, significantly reducing the FSBS gain of the whole structure.
To further illustrate the substrate effect, we put the silicon rectangular waveguide on a silica substrate and calculate the FSBS gains at operating point ω = 0.201(2πc/a) and k = 0.75(π/a) with a = 311nm ( Figure 5 ). For leaky modes with strong coupling to the external channels, the orthonormal condition (5) is not exact. Therefore, we computed the FSBS gains using frequency response formula (3) rather than the eigen-mode formula (9) . To model Q abs = 1000, we used a bulk loss factor of 0.001 for the silicon waveguide. To model Q rad , we gradually turn on the loss factor of the substrate in the outer region. The calculated FSBS gain spectrum has two peaks. The leaky modes that give rise to these two peaks are similar to E2 and E5 of the suspended waveguide (Figure 2 ). However, these leaky modes have much wider bandwidth and much smaller peak FSBS gains. For instance, the leaky mode at Ω = 0.48(2πV L /a) has Q tot = 5.6 and a maximal FSBS gain of 87m -1 W -1 , both of which are about 20 times smaller than the corresponding values of E2. The modal profiles of these leaky modes clearly demonstrate that the strong coupling to the substrate radiative modes significantly reduce the FSBS nonlinearities.
CONCLUDING REMARKS
In this article, we propose a general framework of calculating the SBS gain via the overlap integral between optical forces and elastic eigen-modes. Through the study of a silicon waveguide, we demonstrate that our method can be applied to both FSBS and BSBS, both intramode coupling and intermode coupling, both nanoscale waveguides and microscale waveguides. Our numerical calculations show that SBS nonlinearity is tightly connected to the symmetry, polarization, and spatial distributions of both optical and elastic modes, which can be further tailored and optimized by material selection and structural design. 
